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A CRACK PROBLEM WITH FOUR DISTINCT HARMONIC FUNCTIONS 

2 Mumtaz K .  Kass i r '  and George C .  S i h  

ABSTRACT 

The problem o f  an e l a s t i c  s o l i d  c o n t a i n i n g  a s e m i - i n f i -  

n i t e  p l a n e  c r a c k  s u b j e c t e d  t o  c o n c e n t r a t e d  s h e a r s  p a r a l l e l  

t o  t h e  edge  of  t h e  c r a c k  i s  c o n s i d e r e d  i n  t h i s  p a p e r .  A 

c l o s e d  form s o l u t i o n  us ing  f o u r  d i s t i n c t  harmonic f u n c t i o n s  

(none  of  which can be t a k e n  a r b i t r a r i l y )  i s  found t o  s a t i s f y  

t h e  f i n i t e  d i s p l a c e m e n t  a n d  i n v e r s e  s q u a r e  r o o t  s t r e s s  s i n g u -  

l a r i t y  a t  t h e  edge o f  t h e  c r a c k .  E x p l i c i t  e x p r e s s i o n s  i n  

t e rms  o f  e l e m e n t a r y  f u n c t i o n s  a r e  g iven  f o r  t h e  d i s t r i b u t i o n  

o f  s t r e s s  and d i s p l a c e m e n t  i n  t h e  s o l i d .  These  a r e  o b t a i n e d  

by employing F o u r i e r  a n d  Kontorovich-Lebedev i n t e g r a l  t r a n s -  

forms a n d  c e r t a i n  s i n g u l a r  s o l u t i o n s  o f  L a p l a c e  e q u a t i o n s  i n  

t h r e e  d i m e n s i o n s .  The v a r i a t i o n s  o f  t h e  i n t e n s i t y  o f  t h e  

l o c a l  s t r e s s  f i e l d  a l o n g  the c r a c k  b o r d e r  a r e  s h o w n  g r a p h i c a l -  

l y .  The p r e s e n t  a n a l y s i s  o f f e r s  a n  example which i s  i n  con-  

t r a s t  w i t h  t h e  c o n c l u s i o n  e s t a b l i s h e d  i n  t h e  l i t e r a t u r e  t h a t  

one o f  t h e  f o u r  Papkovich-Neuber  f u n c t i o n s  i n  t h r e e - d i m e n s i o n -  

a l  e l a s t i c i t y  may be a r b i t r a r i l y  s e t  t o  z e r o .  

' A s s o c i a t e  P r o f e s s o r ,  Department of C i v i l  E n g i n e e r i n g ,  The 
C i t y  C o l l e g e  of  t h e  C i t y  U n i v e r s i t y  of New York, New York, 
New York 10031. 

2 P r o f e s s o r  of  Mechanics a n d  D i r e c t o r  o f  t h e  I n s t i t u t e  o f  F r a c -  
t u r e  a n d  S o l i d  Mechanics ,  Lehigh U n i v e r s i t y ,  Beth lehem,  Penn- 
s y l v a n i a  18015.  -1 - 



INTRODUCTION 

The g e n e r a l  n o t i o n  of t h e  c l a s s i c a l  t h e o r y  o f  e l a s t i c i t y  

[ l - 3 ] *  i s  t h a t  one o f  t h e  f o u r  harmonic f u n c t i o n s  a p p e a r i n g  

i n  the  Papkovich-Neuber  s o l u t i o n  o f  t h e  d i s p l a c e m e n t  e q u a t i o n s  

o f  e q u i l i b r i u m  may be s e t  t o  z e r o  ( o r  a r b i t r a r i l y  c h o s e n )  

w i t h o u t  l o s s  i n  comple t eness  of  t h e  s o l u t i o n .  A c o u n t e r  e x -  

ample i s  p r o v i d e d  i n  t h i s  p a p e r  on an u n f i n i s h e d  problem i n i -  

t i a t e d  by Uflyand [ 4 ] .  The p rob lem,  b a s i c a l l y ,  i s  c o n c e r n e d  

w i t h  d e t e r m i n i n g  t h e  d i s t r i b u t i o n  o f  s t r e s s  i n  a h a l f - s p a c e  

when i t s  p l a n e  s u r f a c e  i s  s u b j e c t e d  t o  mixed c o n d i t i o n s  s e p a -  

r a t e d  by an i n f i n i t e  r e c t i l i n e a r  boundary .  

The s o l u t i o n  t o  the  problem o f  c o n c e n t r a t e d  normal a n d  

s h e a r  f o r c e s  a p p l i e d  t o  t h e  s u r f a c e s  of  a s e m i - i n f i n i t e  p l a n e  

c r a c k  s e r v e s  a s  t h e  G r e e n ' s  f u n c t i o n  f o r  a number o f  c r a c k  

problems o f  i n t e r e s t  i n  f r a c t u r e  mechan ics .  A s k e t c h  o f  t h e  

c r a c k  c o n f i g u r a t i o n  i s  shown i n  F i g u r e  ( 1 ) .  I n  t e r m s  o f  t h e  

c o o r d i n a t e s  i n d i c a t e d ,  t h e  s u r f a c e s  o f  t h e  c r a c k  a re  d e f i n e d  

by e = TT, O < r < m ,  - -z<M.  W i t h o u t  a f f e c t i n g  t h e  g e n e r a l i t y  

o f  t h e  p rob lem,  t h e  p o i n t s  o f  a p p l i c a t i o n  o f  t he  l o a d s  may be 

t a k e n  a s  r = a ,  e = ;T, z = 0 .  Because o f  skew-symmetry,  i t  

s u f f i c e s  t o  c o n s i d e r  a h a l f - s p a c e  y ~ 0  w i t h  mixed c o n d i t i o n s  

s p e c i f i e d  on t h e  p l a n e  y = 0 .  I t  was Uflyand [ 4 ]  w h o  made  

t h e  f i r s t  a t t e m p t  t o  s o l v e  t h i s  problem by u s i n g  o n l y  t h r e e  

* 
Numbers i n  s q u a r e  b r a c k e t s  d e s i g n a t e  r e f e r e n c e s  a t  t h e  e n d .  
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harmonic f u n c t i o n s  i n  t h e  s p a c e  y>O - a n d  t h e  Kon to rov ich -  

Lebedev i n t e g r a l  t r a n s f o r m  i n  t h e  v a r i a b l e  r .  The f o u r t h  

f u n c t i o n  i n  t h e  c l a s s i c a l  Papkovich-Neuber  r e p r e s e n t a t i o n  o f  

t h e  d i s p l a c e m e n t  f i e l d  was  a r b i t r a r i l y  n e g l e c t e d .  T h i s  t e c h -  

n ique  has  f a i l e d  t o  y i e l d  a s o l u t i o n  f o r  t h e  c a s e  of  two e q u a l  

a n d  o p p o s i t e  f o r c e  R d i r e c t e d  p a r a l l e l  t o  t h e  edge  o f  t h e  

c r a c k  [4, page 3821. 

The o b j e c t i v e  of  t h i s  pape r  i s  t w o  f o l d .  F i r s t ,  t h e  

G r e e n ‘ s  f u n c t i o n  f o r  t h e  t h r e e - d i m e n s i o n a l  c r a c k  problem i s  

c o n s t r u c t e d .  Nex t ,  i t  i s  s h o w n  t h a t  t h e  f o u r t h  Papkovich-  

Neuber f u n c t i o n  c o n t r i b u t e s  t o  t h e  s o l u t i o n  and i s  n o t  z e r o .  

F o u r  d i s t i n c t  harmonic f u n c t i o n s  a r e  r e q u i r e d  t o  s a t i s f y  t h e  

f i n i t e  d i s p l a c e m e n t  a n d  t h e  i n v e r s e  s q u a r e  r o o t  o f  r c o n d i -  

t i o n s  a s  r+O. The s t a t e  o f  d i s p l a c e m e n t  a n d  s t r e s s  t h r o u g h o u t  

t h e  s o l i d  i s  d e t e r m i n e d  i n  c l o s e d  form i n  t e rms  of  e l e m e n t a r y  

f u n c t i o n s .  These  a r e  o b t a i n e d  by employing a F o u r i e r  t r a n s -  

form i n  t h e  v a r i a b l e  z ,  Kontorovich-Lebedev t r a n s f o r m  i n  r 

a n d  s i n g u l a r  s o l u t i o n s  o f  t h e  Lap lace  e q u a t i o n  i n  t h r e e  dimen- 

s i o n s  [ 5 ] .  The s t r e s s - i n t e n s i t y  f a c t o r s  due t o  t h e  l o a d i n g  R 

a r e  d e t e r m i n e d  e x p l i c i t l y  a n d  t h e i r  v a r i a t i o n s  a l o n g  t h e  c r a c k  

b o r d e r  a r e  shown g r a p h i c a l l y .  

BASIC EQUATIONS 

The e q u i l i b r i u m  of  an i s o t r o p i c  a n d  homogeneous s o l i d  i s  

governed  by t h e  Nav ie r  d i s p l a c e m e n t  e q u a t i o n s  which i n  t h e  

a b s e n c e  of  body f o r c e s  a n d  i n  v e c t o r  n o t a t i o n s  a p p e a r  as  

‘ I  
~I 
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where u i s  t h e  d i s p l a c e m e n t  v e c t o r ,  V i s  t h e  g r a d i e n t  o p e r a t o r  

and v d e s i g n a t e s  P o i s s o n ' s  r a t i o  o f  t h e  m a t e r i a l .  Deno t ing  

t h e  p r o j e c t i o n s  of the  d i s p l a c e m e n t  i n  t h e  d i r e c t i o n s  o f  c y -  

l i n d r i c a l  c o o r d i n a t e s  by ( u r ,  u e ,  u z ) ,  t h e  Papkovich-Neuber  

g e n e r a l  r e p r e s e n t a t i o n  of e q u a t i o n s  ( 1 )  g i v e s  t h e  d i s p l a c e m e n t  

f i e l d  

= 4 ( 1 - v ) ( f l c o s e  t f 2 s i n e )  - 5 a F  
'r 

= 4 ( 1 - ~ ) ( f p o s e  - f l s i n e )  - 1 a F  
'e 

aF u Z  = 4 ( 1 - v ) f 3  - - az 

i n  which t h e  f o l l o w i n g  a b b r e v i a t i o n  has  been i n t r o d u c e d  

F = f o  t ( r c o s O ) f l  + ( r s i n @ ) f 2  t z f 3  ( 3 )  

and f n ( r , 8 , z ) ,  n = 0 , 1 , 2 , 3 ,  a r e  s p a c e  harmonic f u n c t i o n s .  

c o r r e s p o n d i n g  s t r e s s  f i e l d  i s  r e a d i l y  o b t a i n e d  from e q u a t i o n s  

( 2 )  and ( 3 )  and t h e  usual s t r e s s - d i s p l a c e m e n t  r e l a t i o n s  i n  

l i n e a r  e l a s t o s t a t i c s .  I n  p a r t i c u l a r  t h e  s t r e s s e s  a s s o c i a t e d  

w i t h  t h e  @ - p l a n e  a r e  f o u n d :  

The 

-4 -  



- -  “6 - - ( i - z v ) ( C o s e  ar a f  1 + s i n e  a f 2  
211 

U L d  ( c o s 0  - a f 2  - s i n e  -> a f l  + 2v - a f 3  + 
r a e  a e  a z  

a 2 f 0  a 2 f 0  1 a 2 f l  8 2 f 2  

F) - - ( c o s e  2- + s i n e  
+ F + a z z  r a e  

a 2 f 3  a 2 f 3  
+ ‘(ar‘  + E 2 - 1  

In  e q u a t i o n s  ( 4 ) ,  1-1 d e p i c t s  t h e  s h e a r  modulus o f  t h e  s o l i d  and 

t h e  f u n c t i o n  G ( r , e , z )  i s  d e f i n e d  t h r o u g h  t h e  r e l a t i o n  

a f l  c o s  - 1 a f o  
a e  G = ( l - 2 v ) ( f 2 c o s 6  - f , s i n e )  - - - - r a e  

The r e m a i n i n g  s t r e s s  components o z y  o r  and - r rZ  a r e  n o t  needed  

f o r  t h e  mere p u r p o s e  o f  c o m p l e t i n g  t h e  a n a l y s i s  a n d  w i l l  n o t  

be men t ioned .  

T H E  P L A N E  C R A C K  P R O B L E M  

C o n s i d e r  t h e  c a s e  o f  a p a i r  o f  e q u a l  and o p p o s i t e  concen-  

t r a t e d  s h e a r  f o r c e s  R a p p l i e d  t o  t h e  s u r f a c e s  o f  a p l a n e  a s  

-5- 



shown i n  F i g u r e  1 ( w i t h  P = Q = 0 ) .  For t h i s  p rob lem,  t he  

d i s p l a c e m e n t s  a n d  s t r e s s e s  a r e  skew-symmetr ic  w i t h  r e s p e c t  t o  

t h e  v a r i a b l e  z .  Hence, u r ,  ‘e,  ‘e and T~~ a r e  o d d  i n  z w h i l e  

a n d  T~~ a r e  even i n  the  same v a r i a b l e .  In  a d d i t i o n ,  t h e  u Z  

deformed s o l i d  a l s o  e x h i b i t s  skew-symmetry i n  t h e  c o o r d i n a t e  

be ing  odd i n  0 and u e ,  - r r e ,  T e z  even i n  e ,  namely u r ,  

e .  The l a t t e r  c o n d i t i o n  s u g g e s t s  t h a t  t h e  problem can be 

f o r m u l a t e d  f o r  t h e  upper  h a l f - s p a c e  y>O - w i t h  a p p r o p r i a t e  con-  

d i t i o n s  p r e s c r i b e d  on t h e  p l a n e s  e = 0 and e = IT.  In o b s e r v -  

i n g  t h e s e  c o n d i t i o n s ,  t h e  c o n t i n u i t y  o f  t h e  s o l i d  a c r o s s  t h e  

p l a n e  8 = 0 i m p l i e s  

cs 8 

u r ( r , o , z )  = 0 ( 6 a )  

On t h e  upper  s u r f a c e  o f  the  c r a c k  e = I T ,  t h e  l o a d i n g  i s  de- 

s c r i b e d  by 

T ( r , n , z )  = 0 re 

a g ( r , ~ , z )  = 0 

- 6 -  
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i n  which T ( r , z )  i s  a s p e c i f i e d  f u n c t i o n  d e s c r i b i n g  t h e  ap -  

p l i e d  s h e a r  l o a d i n g .  Aside from t h e  r e q u i r e m e n t s  g i v e n  by 

e q u a t i o n s  ( 6 )  a n d  (7), the  r e g u l a r i t y  c o n d i t i o n s  a t  i n f i n i t y  

must a l s o  be s a t i s f i e d ,  i . e . ,  t h e  d i s p l a c e m e n t s  and s t r e s s e s  

must behave a s  L-l  a n d  L - 2  when 

0 

F u r t h e r m o r e ,  n e a r  t h e  c r a c k  boundary  (r+O), the  d i s p l a c e m e n t s  

must be f i n i t e  a n d  t h e  s t r e s s e s  a r e  e x p e c t e d  t o  have t h e  u s u a l  
s q u a r e  r o o t  s i n g u l a r i t y ,  r - 1 / 2  

I n s e r t i n g  r e l a t i o n s  ( 6 )  i n t o  e q u a t i o n s  ( Z a ) ,  ( 2 c )  and 

( 4 a )  a n d  making use  o f  ( 3 ) ,  t h e  f u n c t i o n s  f n  ( n  = 0 , 1 , 2 , 3 )  

can be d e t e r m i n e d  from t h e  f o l l o w i n g  sys t em of e q u a t i o n s  i n  

t h e  r e g i o n  0 = 0 

- 0  a f 3  z - -  ar 
a f l  r - -  ar 

a f O  ( 3 - 4 V ) f l  - - - ar  

- 0  a f 3  z - -  1 r - -  ( 3 - 4 v ) f 3  - E a f O  - 
a z  a z  

a 2 f 0  a 2 f 0  
a r L  a z L  - a f 3  + + ( 1 - 2 v )  ar a f l  + z ( 1 - v )  r a f 2  a e  + 2v j- j-  

a 2 f l  a 2 f 3  a 2 f 3  
-+ . ) = O  1 

+ a z L  r a e L  - -  

Upon r e c o g n i z i n g  t h e  i d e n t i t y  

P 
1 

-7- 



e q u a t i o n s  ( 8 )  a r e  s a t i s f i e d  by r e q u i r i n g  

a f 2  
a e  - ( r , o , z )  = 0 

In  a s i m i l a r  manner ,  c o n d i t i o n s  ( 7 )  w h e n  used i n  c o n j u n c t i o n  

w i t h  ( 4 ) ,  g i v e  r i s e  t o  t h e  f o l l o w i n g  r e l a t i o n s  f o r  e = TT,  

i . e . ,  

a 2 f 0  a 2 f 0  
a rL  a z L  a f 3  + + ( 1 - 2 v )  ar a f l  - 2 ( 1 - v )  r a f 2  ae  + 2v az 

where G c a n  be f o u n d  from 

- 8 -  



+ - - - -  a f l  z a f 3  
r a e 2 e = ~  

1 a f o  
a e  G = - ( 1 - 2 v ) f 2  - - - r a e  

Fur ther  s i m p l i f i c a t i o n  may be a c h i e v e d  by s e t t i n g  

G = O , e = . r r  

O n  a c c o u n t  of  e q u a t i o n  ( 1 3 ) ,  i t  f o l l o w s  t h a t  

and a s  an immediate  consequence ,  e q u a t i o n s  ( l l a )  and ( l l b )  

y i e l d  t h e  c r a c k - s u r f a c e  c o n d i t i o n s  

E q u a t i o n s  ( 1 5 )  and ( 1 6 )  t o g e t h e r  w i t h  ( l o b )  and (1Oc) p r o v i d e  

t h e  n e c e s s a r y  r e l a t i o n s  f o r  t h e  e v a l u a t i o n  of f l  and f 3 .  

r ema in ing  f u n c t i o n s  f o  a n d  f 2  a r e  o b t a i n e d  from e q u a t i o n s  

( 1 3 ) ,  ( 1 5 ) ,  ( 1 6 )  a n d  t h e  f a c t  t h a t  t h e  l o a d i n g  i s  a p p l i e d  a t  

The 

t h e  p o i n t  r = a ,  z = a .  T h i s  y i e l d s  

- o , e = ~  a f O  ( 1 - 2 v ) f 2  - - - 
a Y  

From e q u a t i o n s  ( l o a )  and ( l o d ) ,  i t  i s  n o t  d i f f i c u l t  t o  v e r i f y  

t h a t  
- 9 -  



a a f O  - [ ( 1 - Z v ) f 2  - -1 = 0 ,  e = o 
a Y  aY  

The mixed c o n d i t i o n s  ( 1 7 )  and (18)  p r o v i d e  a r e l a t i o n  between 

t h e  p o t e n t i a l s  f 2  and - which i s  g i v e n  i n  e q u a t i o n  ( 3 0 ) .  

The n e x t  s t e p  i n  t h e  a n a l y s i s  i s  t o  d e r i v e  a s econd  r e l a t i o n  

a f O  
aY 

between t h e  same p o t e n t i a l s .  T h i s  may be a c c o m p l i s h e d  by 

u s i n g  e q u a t i o n s  ( l l c )  a n d  ( 1 0 ) .  U t i l i z i n g  t h e  i d e n t i t i e s  

a -  a l a  - a 
a r  a x ,  r a e  ay 
_ - - -  _ - - _ -  

a 2  a 2  
a Y  

a 2  -t ==-7 

e q u a t i o n  ( l l c )  can be t r a n s f o r m e d  i n t o  

a 2 f 0  a 2 f l  
+ 2 v r -  a Y  a y a e  

- -  a f 3  1 
( 1 - 2 v )  jy- a f 2  Z ( 1 - v )  - - 

aY 

P f 3  
= o , ~ = I T  

aY 
- 2  

a 2 f 3  
A t  t h i s  p o i n t ,  i t  i s  e x p e d i e n t  t o  add t h e  te rm (y =) 

(which v a n i s h e s  i n  the r eg ion  8 = IT)  t o  b o t h  s i d e s  o f  equa -  

t i o n  ( 2 0 ) .  The r e s u l t i n g  r e l a t i o n  t a k e s  t h e  form 

* 

* 
The second d e r i v a t i v e  o f  f 3  i s  assumed t o  be r e g u l a r  f o r  

9 = IT. T h i s  c o n d i t i o n ,  i n c i d e n t l y ,  i s  e a s i l y  c o n f i r m e d  o n c e  
t h e  p o t e n t i a l  f 3  i s  known. R e f e r  t o  e q u a t i o n  ( 2 6 ) .  

-10-  



a f 3  z -  a a f O  a f  1 + y - -  a f 3  - [ 2 ( 1 - v ) f 2  - - - - 
a Y  aY a e  a z  a Y  

( 2 1  1 Y a f l  a f 3  - ( 1 - 2 v )  1 (- + ----)dy] = 0 ,  e = IT 
a3 a x  az 

The above l i m i t s  of  i n t e g r a t i o n  have been i n t r o d u c e d  t o  e n s u r e  

boundedness  a t  t h e  i n f i n i t e l y  d i s t a n t  p o i n t s .  

W i t h  r e f e r e n c e  t o  t h e  r e g i o n  e = 0 and m a k i n g  u s e  o f  some 

e l e m e n t a r y  t r a n s f o r m a t i o n s  a n a l o g o u s  t o  t h o s e  i n  e q u a t i o n s  

( 1 9 ) ,  e q u a t i o n s  ( 1 0 )  conf i rm t h a t  t h e  r e l a t i o n  ( 2 1 )  i s  a l s o  

v a l i d  i n  t h e  r e g i o n  8 = 0 .  T h i s  means t h a t  e q u a t i o n  ( 2 1 )  

h o l d s  a c r o s s  t h e  e n t i r e  p l a n e  y = 0 of  t h e  h a l f  s p a c e  y2O. 

The e x p r e s s i o n  i n s i d e  t h e  b r a c k e t  i n  e q u a t i o n  ( 2 1 )  i s  r e c o g -  

n i zed  a s  a harmonic f u n c t i o n .  I t  f o l l o w s  from G r e e n ' s  formu- 

l a  [ 6 ]  t h a t  

a f o  - a f l  a f 3  a f 3  
2 ( 1 - v ) f 2  - - - - Y E -  + z - -  

a Y  a e  aY 

e x i s t s  t h r o u g h o u t  t h e  e n t i r e  s e m i - i n f i n i t e  s o l i d  y>O. 

t i o n  ( 2 2 )  p r o v i d e s  t h e  second e q u a t i o n  f o r  f i n d i n g  f 2  a n d  f o .  

Equa- - 

M E T H O D  O F  SOLUTION 

In t h i s  s e c t i o n  t h e  p o t e n t i a l s  a p p e a r i n g  i n  t h e  b a s i c  

d i s p l a c e m e n t  r e p r e s e n t a t i o n  a r e  d e t e r m i n e d  by employing meth- 

o d s  of  i n t e g r a l  t r a n s f o r m s  a n d  s i n g u l a r  ( p r i m i t i v e )  s o l u t i o n s  

- 1 1 -  
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of L a p l a c e ’ s  e q u a t i o n  [5].  

The f u n c t i o n  f 3 ( r , B , z )  i s  governed  by t h e  m i x e d  c o n d i -  

This c a l l s  f o r  t h e  a p p l i c a t i o n  of  a t i o n s  (1Oc) and ( 1 5 ) .  

Fourier  c o s i n e  t r a n s f o r m  w i t h  r e s p e c t  t o  t h e  v a r i a b l e  z and 

a Kontorovich-Lebedev t r a n s f o r m  i n  r [ 4 ] .  Seeking  f 3 ( r , 8 , z )  

by t h e  express ion  

* 

1 / 2  m 

f 3  = (7)  I I 4 ( s y t )  s i n h ( e t ) )  t c o s h ( v t  K i t  ( r s ) c o s ( s z ) d s d t  ( 2 3 )  
0 0  

where K i t  i s  t h e  Macdonald f u n c t i o n  [ 7 ]  and $ ( s , t )  i s  an a r -  

b i t r a r y  p a r a m e t e r  such  t h a t  e q u a t i o n  (1Oc) i s  s a t i s f i e d .  By 

i n t r o d u c i n g  t h e  a p p r o p r i a t e  i n v e r s i o n s  and a c c o u n t i n g  f o r  t h e  

c o n c e n t r a t e d  l o a d  a t  ( r  = a ,  z = 0 ) ,  $ ( s , t )  i s  determined from 

e q u a t i o n  ( 1 5 )  a s  

Rtsi n h  ( . r r t ) K i  ( r s )  
4 ( s , t )  = - 

(2T)1’*7T22p(1-v) 

The r e s u l t  o f  p u t t i n g  e q u a t i o n  ( 2 4 )  i n t o  ( 2 3 )  and employing  

t h e  i n t e g r a l  r e p r e s e n t a t i o n  [7] i s  

5 = ( r 2 + 2 a r c o s h ~ t a  2 ) 1 / 2  

* ~ 

See Appendix f o r  b r i e f  o u t l i n e  o f  t h i s  t r a n s f o r m .  

-1 2 -  



The i n t e g r a l s  i n  e q u a t i o n s  ( 2 3 )  may now be e v a l u a t e d  t o  r e n -  

d e r  

-1  ( d m )  t a n  f 3 ( r , e , z )  = - R 
4 ~ 7 ~ '  ( 1 - v )  p P 

where p r e p r e s e n t s  t h e  d i s t a n c e  o f  any p o i n t  i n  y>O f r o m  t h e  

p o i n t  o f  a p p l i c a t i o n  o f  R ,  i . e . ,  

- 

The e v a l u a t i o n  o f  f , ( r , e , z )  i s  d i c t a t e d  by t h e  "homoge- 

neous" c o n d i t i o n s  ( l o b )  a n d  ( 1 6 )  governed  by t h e  L a p l a c e  

e q u a t i o n  i n  t h r e e  d imens ions .  

i n a p p r o p r i a t e  a s  i t  d o e s  n o t  l e a d  t o  t h e  c o r r e c t  s o l u t i o n  

( s e e  [4], pages 381-383) .  T h i s ,  i n  f a c t ,  i s  t h e  c r u c i a l  

s t e p  i n  t h e  p r e s e n t  a n a l y s i s  a n d  c o n t r a d i c t s  t h e  g e n e r a l  no -  

t i o n  i n  t h e  open l i t e r a t u r e  t h a t  one of  t h e  harmonic f u n c -  

t i o n s  c o n t a i n e d  i n  t h e  Papkovich-Neuber  s o l u t i o n  can be 

dropped .  

a s i n g u l a r  s o l u t i o n  of Laplace e q u a t i o n  which s a t i s f i e s  con- 

d i t i o n s  ( l o b )  a n d  ( 1 6 )  a n d  g i v e s  r i s e  t o  we l l -behaved  d i s -  

p l acemen t s  a t  i n f i n i t y  i s  p roposed  [ 5 ]  

However, t h e  c h o i c e  f l  E 0 i s  

In o r d e r  t o  a r r i v e  a t  t h e  p r o p e r  e x p r e s s i o n  f o r  f l ,  

where Im d e s i g n a t e s  t h e  imaginary  p a r t  o f  a n  a n a l y t i c  f u n c -  

t i o n  of  t h e  v a r i a b l e  < def ined  by 
- 1  3- 



a n d  c1 i s  a c o n s t a n t  i n t r o d u c e d  f o r  c o n v e n i e n c e  o f  w r i t i n g  

t h e  e n s u i n g  d e v e l o p m e n t .  N o t e  t h a t  a s  r+O, t h e  e x p r e s s i o n  

( 2 8 )  i s  u n d e f i n e d .  On p h y s i c a l  g r o u n d ,  h o w e v e r ,  t h e  d i s p l a c e -  

ments must b e  f i n i t e  i n  t h a t  r e g i o n .  T h i s  c o n d i t i o n  w i l l  b e  

i m p r o v e d  l a t e r  o n .  

To f i n d  t h e  o t h e r  p o t e n t i a l s  f o  a n d  f 2 ,  e q u a t i o n s  ( 1 7 )  

a n d  ( 1 8 )  s u g g e s t  t h e  f o l l o w i n g  r e l a t i o n  i n v o l v i n g  t h e  s p e c i a l  

s o l u t i o n  i n t r o d u c e d  i n  ( 2 8 ) ,  i . e . ,  

I n  e q u a t i o n s  ( 2 8 )  a n d  ( 3 0 )  t h e  f u n c t i o n  g ( r ; )  a s  wel l  a s  t h e  

c o n s t a n t s  c1 a n d  A a r e  y e t  t o  b e  f o u n d .  

( 2 2 )  a n d  ( 3 0 )  s i m u l t a n e o u s l y  a n d  u t i l i z i n g  e q u a t i o n s  ( 2 6 )  a n d  

( 2 8 )  y i e l d  

S o l v i n g  e q u a t i o n s  

a n d  



i n  w h i c h  g ’ ( 5 )  = - d g ( 5 )  a n d  t h e  f o l l o w i n g  n o t a t i o n s  h a v e  d 3  
b e e n  a d o p t e d :  

= x + a + i z  - 5, - r51,4 

I n t e g r a t i n g  e q u a t i o n  ( 3 1 b )  w i t h  r e spec t  t o  y b e t w e e n  t h e  

l i m i t s  a a n d  y a n d  a p p l y i n g  t h e  r e s u l t s  

e y c o s  7 
I ( t ) d t  I m [ g ’ ( c ) ] d y  = 1 Im I %--- 

n a- a f i  

i t  i s  f o u n d  t h a t  

- 1 5 -  



+ -  c l Y  Im Y I g ( t ) a ( t - < o + 2 x ) - 1 / 2 d t ]  d 
fi W 

( 3 4 )  

The r e m a i n i n g  boundary c o n d i t i o n  t o  be s a t i s f i e d  i s  e q u a t i o n  

( l o a ) .  Imposing t h i s  c o n d i t i o n  on e q u a t i o n  ( 3 4 )  r e s u l t s  i n  

( 1 - 2 V ) R A  - 1 / 2  
2p(l-v)Tr 50 

[ ( 1 - 2 u ) c l  - A ]  7 godt = - 
5 ,  Jt -5,  

(35) 

which i s  a s t a n d a r d  i n t e g r a l  e q u a t i o n  o f  t h e  Abel t y p e  [8] and 

t h u s  t h e  f u n c t i o n  g ( < )  i s  r e a d i l y  d e t e r m i n e d  a s  

p r o v i d e d  t h a t  

(1-2v)Cl  - A = - ( 1  - 2 ~ ) R h i  
211 ( l-v)Tr2 ( 3 7 )  

The e x p r e s s i o n s  f o r  t h e  p o t e n t i a l s  f o  and f 2  can be s i m p l i f i e d  

f u r t h e r  by d e f i n i n g  a c o n s t a n t  c 2  v i a  t h e  r e l a t i o n  

c 2  - - 2 p T r 2 ( l - v  v R G  ) + (1-V)C, 

-16-  
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Upon s u b s t i t u t i n g  e q u a t i o n s  (36 -38)  i n t o  ( 3 1 a )  and ( 3 4 )  the  

f o l l o w i n g  e x p r e s s i o n s  a r e  d e r i v e d  

and 

e cos  i r  

where II, i s  d e f i n e d  i n  e q u a t i o n  ( 3 2 ) .  The f i n a l  s t e p  i n  t h e  

a n a l y s i s  i s  t o  o b t a i n  a n o t h e r  e x p r e s s i o n  r e l a t i n g  c1 and c 2 .  

T h i s  may be done by imposing t h e  r e g u l a r i t y  c o n d i t i o n  on t h e  

d i s p l a c e m e n t s  as r+O. I n s e r t i n g  e q u a t i o n s  ( 2 6 ) ,  ( 2 8 ) ,  ( 3 9 )  

and ( 4 0 )  i n  ( 2 )  and ( 3 )  a n d  c a r r y i n g  o u t  the  e x p a n s i o n  f o r  

sma l l  r ,  making use  o f  ( 3 8 )  and r e t a i n i n g  t h e  l o w e s t - o r d e r  

t e r m s ,  i t  i s  found t h a t  t h e  d i s p l a c e m e n t s  n e a r  t h e  c r a c k  edge  

become 

-1  7- 
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0 c1+c2  z s i n  - 
' 2  [3-4v + ( 7 - 8 v ) c o s 0 ]  + O(ro) a L + z L  ( 4 1 a )  - u r  - - 

[3-4v - ( 5 - 8 v ) c o s e l  + O(ro)  ( 4 W  'e 2fi a z + z z  

2 6  
e c1+c2 z c o s  - - - 

The f i n i t e  d i s p l a c e m e n t s  r e q u i r e m e n t  a t  t h e  c r a c k  edge g i v e s  

c1 + c 2  = 0 ( 4 2 )  

I t  f o l l o w s  from e q u a t i o n  ( 3 8 )  t h a t  

- V R A  c1 = - c 2  - -  
2 p v z  ( 1  - v )  ( 2 - v )  ( 4 3 )  

and t h e  s o l u t i o n  i s  comple t e .  The p h y s i c a l  q u a n t i t i e s  o f  i n -  

t e r e s t  may be r e a d i l y  computed from e q u a t i o n s  ( 2 )  - ( 5 )  w h e n  

t h e  a p p r o p r i a t e  expressions f o r  t h e  harmonic  f u n c t i o n s  i n  equa -  

t i o n s  ( 2 6 ) ,  ( 2 8 ) ,  ( 3 9 ) ,  ( 4 0 )  and ( 4 3 )  a r e  used. 

STRESSES N E A R  C R A C K  E D G E  

The s h e a r  s t r e s s e s  a c r o s s  t h e  s u r f a c e  8 = 0 a r e  computed 

f rom e q u a t i o n s  ( 4 b )  and ( 4 c )  a s  

-18-  
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Equa t ions  ( 4 4 )  may be e x p r e s s e d  i n  t h e  s t a n d a r d  form a s  

( r , o , z )  = - k 2  + O ( x  0 ) 
fi ‘re 

k 3  0 
T ( r , o , z )  = - + O ( x  

fi 0 2  

The s t r e s s - i n t e n s i t y  f a c t o r s  f o r  t h e  e d g e - s l i d i n g  and t e a r i n g  

modes o f  c r a c k  e x t e n s i o n  a r e  e x p r e s s e d  i n  t e r m s  o f  t h e  n o n -  

d imens iona l  p a r a m e t e r  z *  = t h r o u g h  t he  r e l a t i o n s  

- 4 OR Z* 
3 / 2  k 2  - - 

.rra 

The v a r i a t i o n s  o f  t h e s e  e q u a t i o n s  w i t h  z *  a r e  shown i n  F i g u r e s  

2 a n d  3 f o r  v a r i o u s  v a l u e s  of v .  

C L O S U R E  

The problem of  d e t e r m i n i n g  s t r e s s e s  and d i s p l a c e m e n t s  i n  

a t h r e e - d i m e n s i o n a l  e l a s t i c  s o l i d  w i t h  a s e m i - i n f i n i t e  p l a n e  

c r a c k  i s  r educed  t o  t h e  f i n d i n g  o f  f o u r  d i s t i n c t  harmonic 

f u n c t i o n s .  The s u r f a c e s  o f  t h e  c r a c k  a r e  deformed by t h e  a p -  

p l i c a t i o n  of  c o n c e n t r a t e d  s h e a r s  ( R )  p a r a l l e l  t o  t h e  r e c t i l i n -  

e a r  boundary a s  shown i n  F i g u r e  1 .  The a n a l y s i s  r e v e a l s  t h a t  

none of  t h e  Papkovich-Neuber p o t e n t i a l s  a p p e a r i n g  i n  the  g e n -  

e r a l  s o l u t i o n  o f  t h e  e q u a t i o n s  o f  e q u i l i b r i u m  can  be n e g l e c t e d .  

-19-  
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Indeed ,  a l l  o f  t h e  daun f u n c t i o n s  a r e  needed t o  s a t i s f y  t h e  

a p p r o p r i a t e  boundary and r e g u l a r i t y  c o n d i t i o n s  i n  t h e  problem.  

Methods of  i n t e g r a l  t r a n s f o r m s  i n v o l v i n g  t h e  Macdonald 

f u n c t i o n  ( t h e  s o - c a l l e d  Kontorovich-Lebedev t r a n s f o r m s )  a s  

we l l  a s  s i n g u l a r  s o l u t i o n s  o f  L a p l a c e ' s  e q u a t i o n  i n  t h r e e  d i -  

mensions a r e  employed.  The r e s u l t s  p r e s e n t e d  h e r e  c o u p l e d  

w i t h  t h e  s o l u t i o n s  o f  Uflyand [ 4 ]  comple t e  t h e  c o n s t r u c t i o n  

o f  t h e  G r e e n ' s  f u n c t i o n s  f o r  t h e  s e m i - i n f i n i t e  c r a c k  problem 

and pave t h e  way f o r  immediate a p p l i c a t i o n  i n  a number o f  

problems of i n t e r e s t  i n  f r a c t u r e  mechan ics .  
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A P P E N D I X  

The K o n t o r o v i c h - L e b e d e v  t r a n s f o r m  o f  a f u n c t i o n  $ ( x )  i s  

d e f i n e d  by t h e  f o r m u l a  

(47) 

where $ ( x )  i s  a s s u m e d  t o  b e  o f  c l a s s  L 2  i n  t h e  i n t e r v a l  [O,-] 

a n d  K i t ( x )  i s  t h e  Macdona ld  f u n c t i o n  w h i c h  i s  a s o l u t i o n  o f  

$ + x d x  l * - ( l - F ) y = o  t 2  

A s s u m i n g  t h a t  

d x  

i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  a n d  x $ ( x )  

a n d  x - d [,-I $(XI a r e  a b s o l u t e l y  i n t e g r a b l e  i n  [0,03] t h e n  t h e  

inverse  o f  ( 4 7 )  i s  g i v e n  by 

Further  d e t a i l s  may b e  f o u n d  i n  [4]. 

(49) 
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F i g u r e  1 .  S e m i - i n f i n i t e  p l a n e  c r a c k  i n  e l a s t i c  s o l i d .  



I 
I 
I 
i 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
B 
I 
I 
1 

I 
0 . 5  

I 

0 . 4  T f l  
0.:  

T 
0.; 

b .  T 1 

v = 0 .50  \ 

- 3  - 2  - 1  0 

z / a  

1 2 3 

F i g u r e  2 .  V a r i a t i o n s  o f  k 2  a l o n g  c r a c k  b o r d e r .  
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